S U M M A R Y Numerical modelling of postglacial rebound predic s a spatially variable pattern of sea-level change. Yet, many previous models predicting Late Pleistocene sea-level change either neglect the load of water added to the oceans, or assume a spatially uniform time-dependent load over the whole ocean. This is a poor approximation of the load near the former ice sheet, since sea-level change varies geographically. In addition, the coastline goemetry changes through time.
INTRODUCTION
Various effects are considered when calculating the sea-level change in response to melting of the Late Pleistocene ice sheets. We must allow for the change in ocean volume and the deformation and change in gravitational attraction caused by the change in ice load and water load. When all these effects are included, it is evident that sea-level does not change uniformly over the oceans, but varies widely over the whole earth . After an ice sheet melts, sea-level falls relative to the solid earth near the ice sheet, due to the postglacial rebound of the surface and the decrease in gravitational attraction since mass is removed from the place where the ice sheet was, while further away, sea-level rises due to the addition of melt-water to the oceans. There is also tilting of sea-level change across continental margins due to the loading of the ocean floors with melt-water, with no balancing load on the continents. In most models, some parts of the ice or melt-water load are neglected to simplified to make the calculation easier. In particular, the melt-water load is often simplified by two assumptions. Many previous models have assumed a spatially uniform melt-water load equal to the equivalent sea-level (ESL) change (Nakada & Lambeck 1987) , where ESL is the volume of melt-water as a function of time divided by the area of the oceans. Secondly, nearly all models are based on the assumption that the ocean does not change shape as the sea-level changes.
If the melt-water load is assumed to be spatially uniform, the error in sea-level predictions will be largest close to the former ice sheet, where the sea-level change is drastically different from the ESL. Since the response to the unloading of the ice sheet dominates the sea-level change near the ice sheet, the water load has been ignored or crudely approximated in some models, since it was considered relatively unimportant compared with the size of the ice load component and the errors in the ice-sheet models. A quick calculation below shows that the response of the melt-water load can be significant in this region. The simpler models were used for convenience, since the calculation is much less intensive. A number of papers by Peltier and his co-workers (Peltier, Farrell & Clark 1978; Wu & Peltier 1983; Tushingham & Peltier 1991 ) did include a spatially varying load by approximating the ocean load by a series of discs which cover the ocean surface, having the thickness of the sea-level change at the centre of each element. Also Mitrovica & Peltier (1991) included a non-uniform ocean load by two methods. In their pure spectral method, they were able to expand to spherical harmonic degrees 30, which is sufficient for the geoid calculations they performed. They also developed a pseudo-spectral method to calculate sea-level change for spatially varying loads to high degree (at least 128) and demonstrated the effect of spatially varying loads on far-field sea-level change, but did not comment on the effect for near field sea-levels. Nakiboglu, Lambeck & Aharon (1983) calculated that iteration of the sea-level equation is not necessary for a rigid earth, and argued that the effect of a spatially varying water load is negligible for locations distant from the ice sheet. This influenced Lambeck, Nakada and co-workers to continue using spatially uniform water loads in their sea-level calculations. Inferences of mantle viscosity based on sea-level predictions and observations which make these simplifying assumptions (e.g. Nakada & Lambeck 1989; Lambeck, Johnston & Nakada 1990; Fjeldskaar & Cathles 1992 ) may be in error. A sample of errors in sea-level curves due to this approximation is shown in Wu & Peltier (1983) ( Fig. 4) , although the change in gravitational attraction was neglected in their approximation.
In models where the movement of coastlines is neglected, sea-level predictions in regions where the coastline has moved significantly, may be in error since, the melt-water load on the continental shelf is over-estimated and tilting of the shoreline will be predicted to be closer to the continent than if the load were modelled more precisely. An estimate of this error was made by Lambeck et af. (1990) by calculating the water load component for a model in which the coastline changed with time and was approximated by the depth contour corresponding to the ESL. As we shall see, this provides a reasonable estimate of the error in regions where the relative sea-level is well approximated by the ESL (i.e. distant from the ice margin).
To see how hydro-isostasy may be important in the near field of an ice sheet, we note that a 3 km thick ice sheet causes around 600m of deformation at its centre. So for water or ice, the size of the deformation due to isostasy is about one-fifth of the thickness of the load. If there is ocean at the centre of the load (e.g. the Barents and Kara Sea ice sheet), then there is a further unloading of about 600m of water which will cause additional deformation of about 120 m. Subsequent iteration will give smaller contributions to the total. Therefore, previous estimates of sea-level change near or within ice sheet limits due to glacial unloading may be in error by as much as 20 per cent, due to the neglect of the unloading of the oceans. If the ice sheet is located inland, the effect will be smaller. This estimate relies on a linear relationship between the weight of the load and radial deformation, and so we have implicitly assumed a linear rheology over the range of loads discussed, but is otherwise independent of the type of rheology used to model the glacial rebound.
As sea-level changes, the position of the shoreline moves. Most previous computations have used static coastlines because of the obvious difficulties in calculation of past shorelines. The error caused by this assumption is most likely to occur in regions where the sea is shallow, so that the coastline may have moved significantly. A rough estimate of the importance of migration of the coastline can be made for sites which are distant from the ice sheet. It has been observed that the height of the far-field high stand decreases the further one moves offshore. The observed gradient of the height of the high stand is approximately 1 m per 100 km (Hopley 1982, Chapter 8) . By assuming that the coastline was static at the present position, we mislocate the site relative to the coastline. In such a model, a site at the present coastline is close to the coastline throughout the entire model history, whereas it may actually have been a few hundred kilometres inland before the sea reached its present level. To obtain an estimate of the error caused by assuming a static coastline, we could simply multiply the distance the coastline has moved by the gradient. This is reasonable over short distances, but over larger distances, the high stand-distance relationship is not linear. It is evident that an error of 0.5 m could be caused by the static coastline assumption in a region where the coastline has moved by 50 or more km. This estimate is made without any assumptions about rheology, and so we would expect that the magnitude of the error estimate is reasonably independent of the earth model used provided it fits the observational data.
Two methods have been used in the past to include the effects of the spatially varying water load. The ocean load can be modelled as a set of discs with the thickness determined by the sea-level change at the centre of each element (e.g. Peltier et af. 1978) or by a spectral or pseudo-spectral method (Mitrovica & Peltier 1991 ). We will be using a spectral method. The spectral method has only been used recently because of the heavy computational requirements. It has a number of advantages over a disc method assuming adequate convergence is obtained for each method. With disc coverage of the ocean, overlap and gaps between discs occur which may lead to errors. Also, many discs are required in regions where the load changes rapidly (i.e. at coastlines and also in the near field of the ice sheets). For earth models with a lithosphere, the response to loads decreases with the wavelength of the load (i.e. the lithosphere filters out short wavelengths). Truncation of the spherical harmonic series approximating the response to the load has a similar effect, so a spectral method is in some sense more natural than disc methods. The spectral method used here is simply the most obvious (to the author) and not necessarily the most efficient way to do the calculation. Emphasis was placed on developing a method which could produce resylts for a number of different earth models in reasonable time.
In Section 2 and 3, we give the basic theory for determining the sea-level response to surface loads. Next, we consider sea-level change on an axisymmetric earth model, which has circular continents and ice models, so that the load, topography and sea-level change are independent of longitude. Thus, we can see more clearly how the sea-level change varies as a function of distance from the load. The amount of computation is drastically reduced, since the problem has been reduced from two dimensions to one. Later, we show some calculations for a more realistic ice-and ocean-load history to show the size of errors caused by the neglect of the accurate water-load calculation. The two issues of spatially variable melt-water load and time-dependent coastlines will be examined separately and we will also examine a region where both factors must be cohsidered simultaneously. In the accompanying paper, Lambeck (1993a) examines the effect of the simplifying assumptions about the water load on earth and ice parameter inference for the British Isles region.
T H E MAXWELL RHEOLOGY
We may approximate the ice and water loads as a time series of linear loading phases. The load is given explicitly at a number of epochs and linearly interpolated in between times. To obtain the response of a Maxwell visco-elastic body to a load, we calculate a set of equivalent elastic responses to the Laplace transformed load and then invert, to obtain the time dependence of the response. The response to a delta function load of spherical harmonic degree n at time to (i.e. one which is instantaneously loaded and unloaded immediately after) is
(1)
The k, and h, are the load potential and radial deformation Love numbers of degree n respectively. The sj are negative inverse relaxation times and the R', give the relative strengths at each relaxation time. These can be calculated by various methods e.g. (Peltier 1974; Peltier 1985) and we use the pure collocation technique (Peltier 1974; Mitrovica & Peltier 1992 ). The sj do not depend on degree for this method of inverting the Laplace transform. The difference k, -h, is of interest to us, since the sea-level change is the change in distance between the geoid and the surface of the earth. For this particular load history, the elastic Love numbers (k:-h:) give the response while the load is in place, and later, the response to the load decays away exponentially. Fading memory is a characteristic of the Maxwell rheology. The relaxation time is defined as the time it takes for the response to decay to l / e of its value immediately after a delta function load. For a model with a single viscosity (r] ) and rigidity (y), there would be a single relaxation model with relaxation time -s-' = r]/y. Typical parameters for the Earth (r] = lo2' Pas, y = 10" Pa) give a relaxation time of 10" s or 300 yr. When depth dependence of earth parameters is included, many more modes result and the response is a sum of exponentials (Wu & Peltier 1982) . When the elastic parameters, viscosity and density are continuous functions of depth, eq. (1) is an approximation to the response. Using pure collocation, if enough 'modes' with relaxation times (-sJT') are chosen and in the right range of values, then the response can be approximated arbitrarily well (Mitrovica & Peltier 1992 ).
The correspondence principle (Biot 1965; Peltier 1974) can be used to calculate the response to an arbitrary load history of spherical harmonic degree n. For a load of arbitrary spatial dependence, we decompose the load into components of each spherical harmonic degree, calculate the response to each and then superimpose the responses to obtain the total response. In the following, we will assume a load of degree n for simplicity of notation. The response is the inverse Laplace transform of the product of the Laplace transformed Love numbers for a delta function load and the Laplace transform of the load history. So
(2)
The notation on the left-hand side of eq. (2) requires a little explanation. The Love number (k, -h n ) is a linear operator, transforming loads to their responses, so the expression on the left is not a multiplication. The form of the operator shows that the Maxwell material responds initially as though it were elastic, but also tends to an equilibrium position which depends on the final state of the load at a rate dependent on the relaxation times (-s,-') and their relative strengths (R!,).
Suppose the load is given at k + 1 time steps by L(t,) = L' for i = 0,1, 2, . . . , k. We may define the change in load and change in time between each step by AL' = L' -Lc-' and At, = t, -t,-l for i = 1 , 2 , 3, . . . , k. Now if we define a modified Heaviside function by 0, t < O G ( t ) = t, 0 5 t 5 1 ,
then we can write the load history as a sum of modified Heaviside functions.
(4)
Now using eq. (2) the response to an individual step function is
where the integral is So t h e response to the entire load history of spherical harmonic degree n is
The formulation given here agrees with that given by Nakada & Lambeck (1987) . They expressed the load as a sum of functions, each of which was linear over some interval and zero elsewhere, whereas in this formulation, the load is left in place after the linear loading or unloading phase. In this formulation, the load history must be continuous unless an interval Ati of zero length is specified.
T H E SEA-LEVEL E Q U A T I O N
In the previous section, we described the deformation of the Earth's solid surface and geoid in response to an arbitrary change in surface load assuming a Maxwell rheology. Now we need a description of the change in surface load, and how the load and the Earth's response function combine to determine sea-level change. For the time scales of interest (lO'-lOs yr), the loads which can change significantly on a regional scale are ice sheets, sea-level and sediments (probably to a lesser extent). e.g. sediment loading causes subsidence in the Gulf of Mexico of several mm yr-' (Nunn 1985) . We will ignore sediment loading since we have not obtained data on the loading history of sediments for any of the regions of interest. The following derivation is the same as that given by Farrell & Clark (1976), but the time dependence of the ocean geometry has been made explicit.
The surface load L ( 0 , @, t ) at colatitude 0. longitude @ and time t can be written L(0, 4, t ) = P J ( 0 , 6 t! + P w W ( 0 , @, t ) (8) where I is the effective thickness of grounded ice (defined below), W the water depth and p, and pw the densities of ice and water. If the ice is floating, then the grounded thickness is zero and that part of the ice load is included in the water load, since it displaces an equal mass of water by Archimedes' principle. If the base of the ice is grounded below sea-level, then the effective grounded ice thickness is defined by P w
PI

I = T --W
where T is the thickness of the ice and W is the depth of the base below sea-level. It is clear that the total load is L = p,T, but we allocate the part of the ice sheet which displaces water as part of the water load and the rest as ice load.
The sea-level changes in response to changes in the load. The change in ice load is just the difference in ice thickness between a time f and the initial time t(,. The change in water load is essentially the change in sea-level. It is possible, however, to define sea-level change over the whole earth (oceans and land), but the change in water depth only coincides with the sea-level change in the oceans. O n land, there is no change in water depth but there is change in sea-level when it is defined as the change in separation between the Earth's geoid and solid surface which conserves mass . The change in separation between the geoid and surface defines a surface which is parallel to the change in sea surface and conservation of mass guarantees that the definition of sea-level change is consistent with the obvious definition on the oceans. To obtain the change in water depth, we need to use a function that restricts the sea-level change to the oceans. The ocean function (Munk & MacDonald 1960 ) O(0, @, t ) is defined to be zero on land and one on the ocean. Time dependence is included since the oceans may change shape as the sea-level changes. With this definition, the change in water depth is (9) This equation states that increments in sea-level change contribute to the water load when the location is in the ocean. To be useful computationally, we must discretize the integral, so that we only calculate, the ocean function and sea-level change at a finite number of points. The integral in (9) may be approximated by writing the time dependence of the ocean function as a series of steps. The timing of the steps is chosen so that the changes in ESL between each step are approximately equal. The time tt* is chosen, so that the ocean function is representative of the time interval tlPl < t < t,. If we make the simplifying assumption that the coastlines do not move, then we obtain a more familiar definition of the change in water load A W ( 0 , @, t ) = O(0, @ ) W e , @, t ) .
(11)
The sea-level equation will be solved by a spectral technique where each function is expanded as a sum of its spherical harmonic components. The fully normalized spherical harmonics are a set of orthogonal functions on the surface of the sphere defined a t colatitude 0 and longitude @ in terms of the associated Legendre polynomials Pn,(x) by (2n + 1)(2 -6,")(n -Im()! (n + Iml)! so that the mean-square amplitude of the spherical harmonic function is unity over the surface of the unit sphere. i.e. Non-uniform ocean loading 619 orthogonality relationship (13) r 2 n part of the sea-level S* is defined as
To calculate the sea-level change, we need to know the load history which is itself a function of the sea-level change.
We must approximate the water load in the first instance by the ESL, to obtain an estimate of sea-level change. Since the mass of ice and water over the whole earth is conserved, $dB sin ol:d$AL(e, cp, t ) = 0.
Using the definition of the load in eq. (8), we can rewrite this to obtain an estimate of the water load. 
Pw o
The integral on each side is 4n times the degree zero spherical harmonic component of the change in water and ice loads, and 4na2 times the average over the area of the earth of each function (a is the radius of the Earth), so we can simply write the equation as
PI
Pw
AWo(t) = --AIo(t).
The subscript 0 indicates the degree zero spherical harmonic component. If we make the simplifying assumption that the coastlines are stationary, and distribute the water load uniformly over the oceans, then a simple estimate of the water load is where tp is the present time. The equivalent sea-level change AS"(t) (ESL) is defined as the average change in sea-level resulting from a change in ice volume. Now we will consider the change in sea-level in response to an arbitrary change in load. Since there is no change in the total mass of ice plus water, there is no degree zero component of the change in load. The change in sea-level is
where PE is the mean density of the earth and k, and h, are the time-dependent load Love numbers of degree n for gravitational potential and radial deformation. The factor 1 gives the change in gravitational attraction of the load, -hn gives the deformation of the solid earth and k , gives the change in gravitational attraction due to the deformation of the solid earth. The term c ( t ) , to be determined, enforces the conservation of mass of the load, The spatially varying
The expression for the operation of the Love numbers on the load is given in eq. (7). We can determine c,(t) by applying the conservation of mass criterion (15) and using the definition of the water load (eq. 9).
PI
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The double integration is shorthand for the spatial integration over the surface of the sphere. Now, we approximate the time integration by discretization.
The convention for the steps in the functions S* and c is the same as that for the load L . If we write this equation for k and ( k -1) and subtract, then we get the following expression for the increment in c. Hence the spatially uniform part of the sea-level change is
The first term in the sum is the ESL which results from the addition of melt-water. The second term is a conservation of mass term which is there because the sea surface changes shape relative to the solid surface. The angle brackets It is instructive to write the sea-level change as a sum of ice-loading terms and water-loading terms, so that we can see what causes the changes in sea-level. We do this by splitting the load into its two components (ice and water). The ice load component of sea-level change is
and the water-loading term is the ice component of sea-level change is
The total sea-level change is the sum of these two components and the ESL [AS"(t)]. The ice-loading term may be evaluated immediately, but the water-loading term must be iterated since we only know the approximate water load initially. To obtain a first approximation to the sea-level change, the ESL is substituted into the water load term on the right-hand side of eq. (20). Later, we will use the predicted sea-level change as the water load to obtain an improved estimate of the response to the melt-waterload. The present ocean function is used to describe the ocean geometry in this first estimate of the water load term, since we don't know where the past shorelines were a priori. The first iteration of the water loading term is
To see more explicitly how the calculation is made, we substitute eqs ( 7 ) and (18) into the ice-load and water-load
In each case we have written the sea-level change as a sum of spherical harmonic components. These components are used later when we calculate the response to the spatially varying ocean load. All of the conservation of mass terms are of degree zero. so for examole the degree zero term of
The main difficulty in the computation lies in calculating the term ( A W i ) n m .
For the first iteration, we assume a spatially uniform load over the oceans. So we use the approximation
We can obtain a better approximation of the water-load component by substituting the sea-level change components from eqs (21) and ( The integral on the last line of eq. (23) can be evaluated a priori for the present time ( t = t p ) , since it only depends on the present ocean geometry. Fixed coastline models use the ocean function for the present time throughout the whole melting history. If we allow for time dependence of the coastlines, then the integral becomes dependent on both the earth model and ice model used, and the integral should be recalculated as time progresses. If we truncate the series at n = N , the number of integrals to be calculated is
This compares with approximately N 2 / 2 integrals to obtain the spherical harmonic components of the ocean function for the first iteration of the water load. In the pure spectral method, Mitrovica & Peltier (1991) also expanded the ocean function into spherical harmonics in the integral in eq. (23), which at first appearance would require O(N6) calculations. Because of some identities concerning integrals of triple products of spherical harmonic functions (Jones 1985) , this reduces to O ( N s ) calculations. Hence, we have been able to reach degree 72 while Mitrovica & Peltier (1991) had to stop at degree 30 for the pure spectral method, but by using a pseudo-spectral technique degree 128 or higher is attainable. We truncated the series at degree 72 since reasonable convergence had been reached for the near field for Fennoscandia (less than 0.5 m error at 10 ka BP). Computer memory requirements and calculation times were becoming unreasonable for the slight improvement in the solutions beyond this'degree. In practice, we calculate the difference between the second iteration and the first iteration to degree 72 and add it to the first iteration result which has been calculated to much higher degree (usually 180). Most of the the sea-level change is N + 1 instead of (N + 1)' where N is the degree at which the series is truncated. Hence the calculations may be done quickly and to high accuracy. By using a simple model, we gain a better insight into the processes which control sea-level change. Under the assumption of longitude independence, the ice load term in eq. (21) reduces to time in the calculation is taken by evaluating the integrals on the last line of eq. (23). The time taken for the total calculation becomes prohibitive if these integrals have to be evaluated for each time step of the ice model, so we are forced to assume only a few steps on the coastline movement for realistic ice and ocean models. In Section 5.3, we incorporate moving coastlines approximately by recalculating the integral assuming only local movement of the coastline. This substantially reduces the amount of calculation required, yet doesn't affect accuracy greatly since the response to the water load is most sensitive to local loading. The storage requirements for the ocean function at eath time step is the same, but only one ocean function need be held in memory at time. We calculate these integrals at a number of times thqoughout the melting history, for example when the ESL reaches 100 and 50m below the present sea-level. The first iteration relative sea-level predictions are used to determine the geometry of the ocean at those times. It turns out that the past ocean geometry is only slightly dependent on the earth model assumed, so that the integrals calculated may be used reasonably over a range of earth models. The first iteration of the sea-level equation is then used to determine the water-load distribution within the confines of the ocean. This hybrid method is designed SO that the most intensive computations are done once a priori and depend only on the ocean bathymetry and not on earth or ice models. Having done the major part of the computation, we can vary the less well known parameters of our model (i.e. the earth rheology and ice-load history), and obtain sea-level predictions within a reasonable time.
In the near field, the second iteration of the water-load component of sea-level change depends partly on the ocean geometry and partly on the spatial variability of the sea-level change. The amplitude of the water load in the near field changes rapidly over short distances as does the ice load, and so the convergence characteristics are similar to those of the ice load term. However, the magnitude of the water-load term is much less than that of the ice load, so the water-load term converges to within a specified absolute error more quickly than the ice-load term. Examination of the ice load term for near field sites (see Nakada & Lambeck 1987, Figs 13 and 14) shows convergence at degree 72 to within about 5 per cent of the magnitude of the ice load term at 6 k a BP for an ice model which has been interpolated from a 5" x 5" grid onto a 1" x 1" grid. Similar convergence of the water-load term which is about one tenth of the magnitude gives an accuracy of better than 0.5 m as claimed above.
Equations for axisymmetric model
From the arguments given in the introduction, it appears necessary to iterate the sea-level equation in order to predict sea-level change accurately. The first iteration is not a large calculation since we only have the single term (n', m') = (0, 0), and AS,(t) = AS"(t) in eq. (23). If we assume a model that has symmetry about the pole, we remove any dependence on longitude, and all spherical harmonic terms with m#O drop out of the equation. The number of integrals to evaluate for the second iteration is reduced to (N + 1)(N + 2)/2. Also the number of terms in the series for and for n 2 1, and similarly for the water term with p,AZ replaced by The Legendre component of degree n of a function F ( 8 ) is just the order 0 spherical harmonic of degree n and is given by
PWAW.
where Pn(x) is the Legendre function of degree n , so we may write
.(cos 8). (26)
The calculations have mostly been done for the case where there are two circular continents-one at each pole. Then the ocean function is equal to one on the interval between the two coastlines and zero elsewhere. If we write the colatitude of the two coastlines as cl(t) and c2(t), then the integral in eq. (26) If we calculate the initial value beforehand, then to recalculate the integral for later times, we need only integrate over the distances by which the coastlines have moved and add the result to the initial value. i.e.
I,,,) =
By integrating over smaller regions, much less computation is required to update the integral, than to recalculate it from 
RESULTS FOR A N AXIALLY SYMMETRIC EARTH
The main purpose of the following calculations is to demonstrate the important physics affecting sea-level change in response to melting of ice sheets. Within the constraints of the axial-symmetry assumption, we try to make the models as realistic as possible. The ice model is chosen similar to the Fennoscandian ice sheet, so that any conclusions drawn from this study guide us in later work on more realistic models. We shall use two models approximating the Fennoscandian ice sheet. The maximum ice volume is the same as that of the Fennoscandian part of the ICE-1 model of Peltier & Andrews (1976) . One of the models (FENH) melts instantaneously at 12 ka BP. The other (FEN) has the same volume as the Fennoscandian part of ICE-1 for its entire history (from 18 to 8 ka BP). At the glacial maximum, the ice sheet has a radius of 1000 km. The profile of the ice model is parabolic [as recommended by Paterson (1981) assuming flat basal topography], and at each step of the melting history, the maximum thickness to radius ratio is the same as the initial value, so that the ice thickness at any point can be ascertained from the total ice volume. In between time steps, the load (for both ice and ocean) is linearly interpolated. The profile for the FEN model is given in Fig. 1 .
The visco-elastic model has been chosen with typical viscosity and lithospheric thickness parameters for northwest Europe ). The earth model has a 100 km thick elastic lithosphere and upper and lower mantle viscosities of 5 X lo2" Pa s and 5 x lo2' Pa s respectively, with the change occurring at 670 km depth.
The coastline model has a circular continent at each pole with radius lo00 km (9.0") at the north and 1750 km (15.8") at the south. The coastline of the northern continent was chosen to coincide with the maximum extent of the ice sheet since the Fennoscandian ice sheet at glacial maximum was close to the coast of Norway. However, the southeastern margin of the real Fennoscandian ice sheet is a long way from the coast, so we might expect the results from this model to be reasonably applicable to real data along the Norwegian coast but not in the Baltic Sea. Sea-level change at the coastline of the continent at the South Pole in the axisymmetric model should be similar to what is predicted for the far field on a model with realistic coastlines where the coastline is reasonably smooth. This model will be modified later to allow coastlines to move as sea-level rises. The calculations are carried out to degree 90 which was sufficient to obtain convergence for these simple models to better than 0.1 m (see oscillations on Fig. 4a ).
Spatially varying water loads
Let us examine the ice-load component of the sea-level change in the vicinity of the ice load. When an ice load with parabolic profile loads an earth model with an elastic lithosphere and fluid mantle, the isostatic equilibrium profile of the surface of the earth is a nearly parabolic depression surrounded by a small peripheral bulge. Distant from the ice sheet, the surface is largely undeformed. We examine the sea-level change in response to the melting of an ice sheet initially in regional isostatic equilibrium. Long after the unloading, when the model earth has attained isostatic equilibrium again, the depression will have flattened out and the bulge will have collapsed. The relative sea-level shows the sea-level in the past relative to the present. The depression of the earth's surface at the centre of the load is shown as a sea-level high, since the earth is depressed relative to the sea surface, or equivalently, the sea surface is high relative to the earth's surface. Also the peripherial bulge appears as a minimum in the sea-level curve.
In Fig. 2 , the ice-load contribution to the sea-level change has been plotted for the two ice models (FENH and FEN) . In the case of instantaneous melting, there is immediate elastic and gravitational response, which causes sea-level to fall within 57" of the centre of the load. (The figure only shows the response within 15" of the load.) At the centre of the load, there is a 75 m fall in sea-level due to the loss of gravitational attraction by the ice sheet and 95 m due to the elastic rebound of the earth and the deformation of its gravitational field making a total initial fall in sea-level of 170 m (=700 -530). The small bulge at the edge of the ice sheet (i.e. minimum in the relative sea-level curve) initially retains its shape but the sea-level becomes much lower relative to the present, because the viscous deformation is more localized than the elastic and gravitational effects. Then as time progresses, sea-level continues to fall at the centre of the former ice load and the bulge collapses and migrates away from the centre. The behaviour of the bulge varies for visco-elastic models with different viscosity profiles. However, the initial position of the bulge depends only on the initial load, the density profile of the mantle and the thickness, density and elastic parameters of the lithosphere. (This can be seen from the isostatic equilibrium equations for an earth with a fluid mantle and elastic lithosphere. See, for example, Wu & Peltier 1982.) When we use the continuous melting history, the behaviour is not so simple, since elastic and viscous deformation (from earlier melting) occur simultaneously and also the edge of the ice load moves inwards. The behhviour at the centre of the load is fairly straightforward. As the ice melts, the sea-level falls and this behaviour continues after melting is complete. The bulge migrates inwards until about 8 ka BP because the edge of the ice retreats. The size of the bulge increases until about 10 ka BP because of the elastic and gravitational effects, but does not become as large as in the instantaneous melting case since viscous deformation causes it to collapse with time. Now let us examine the water load term in the near field. Fig. 3 shows both the first and second iterations of this term for an instantaneous loading phase. The first iteration shows how the sea-level would change if a uniform thickness water load were applied to the ocean. Because material is added to the oceans but not to the continents, there is less increase in gravitational potential and less elastic subsidence on land and so we see a sea-level fall. Another way of thinking of this problem is first to load the entire earth uniformly, which would cause no change in sea-level relative to the surface of the earth, and then unload the continents. The thickness of the load is 9.43m of water over the entire oceans. So, the sea-level change predicted should be the same as that for the removal of a disc load of thickness 9.43/0.9 m of ice. The central uplift is about 2.4 m which is about 1/300 of the uplift for unloading of 3000 m of ice (see Fig. 2a ), as we would expect. We notice, as in the ice unloading case, that the instantaneous elastic and gravitational change occurs on longer wavelengths than the subsequent 'viscous' flow.
For the second iteration, the load is the sum of the ice component and the first iteration of the water component restricted to the oceans. Fig. 3(b) shows the response to such a load. The shape of the predicted sea-level curve can be explained in terms of the size of the water load, which is predominantly influenced by the ice-load component AS' of sea-level change (see Fig. 2a ) and the position of the coastline. Initially, sea-level falls within 57" of the centre of the load due to the elastic and gravitational effects from unloading of the ice sheet. This would produce a reduced gravitational attraction to the near-field region and elastic rebound, and causes an initial fall in the water-load component of sea-level. The peaks and troughs in the curve are caused by the spatial variability in the water load because of the deformation in the ice term. On the continent between 0 and A, there is no change in load, so we see a fairly flat section of the water-load curve. Next is a small peak due to the narrow region of sea-level fall off the edge of the continent between A and B. The larger trough is due to the broader region of sea-level rise beyond B, which causes subsidence of the sea-floor and hence further sea-level rise relative to the surface of the earth. The peaks and troughs in the water-load component of sea-level change don't coincide exactly with the peaks and troughs in the actual water load, since the lithosphere tends to spread out the response to the load.
Next, we look at the sea-level in the far field for the instantaneous load (model FENH). This is the region treated by Mitrovica & Peltier (1991) in their calculation for a realistic ocean-ice configuration. The important factors in this region are the conservation of mass in the oceans and the water loading term at continental margins. Also gravitational attraction to the loads cause variation of sea-level change over great distances. Fig. 4 shows the iceand water-load terms in the far field. The average of the ice-load term over the oceans is zero, so the ice-load component in the far field balances the effect of the peripheral bulge in the near field. The ice-load component near the centre of the load falls instantaneously and so there is a corresponding rise in the far field. In the bulge region (approximately 10" to lY), the ice-load component of sea-level rises as the peripheral bulge collapses. As this occurs, water flows from the far field to fill in the region where the bulge was, so we see a fall in sea-level far from the centre of the load. This is precisely the mechanism described by Mitrovica & Peltier (1991) and termed 'equatorial ocean syphoning', since on the real earth there are ice sheets at both poles so the water is drawn away from the equatorial oceans as the oceanic part of the peripheral bulges collapse.
By the same argument, the water-load term contributes to the far-field high stand of sea-level, but to a smaller extent. The effect of using gravitationally consistent water loads in the far field is explained in detail in Mitrovica & Peltier (1991), so the reader is referred to that paper for further discussion and implications of equatorial ocean syphoning.
Time-dependent coastlines
So far we have only considered the effect of the water load when the coastlines remain fixed as the sea-level changes. For the axisymmetric model, it is not difficult to include the effect of a varying coastline, as was demonstrated at the end of Section 3.1. We will examine the water-load term for the far field where the coastline is allowed to move by around 500km during the deglaciation. Then we compare predictions made by assuming the coastline was fixed at its Distance from the centre of the load (degrees)
ents of sea-level change for the FENH ice model in the far field. The present position (as we normally do in realistic calculations) with a model where we take into account the moving coastline. We will only look at far-field sites where the conclusions may be relevant for the more realistic case with irregular ice and ocean configurations. In the near field, the motion of the coastlines is quite dependent on the local bathymetry and ice and earth models, so direct comparison between such a simple model and the real earth is unlikely to yield results which could easily be carried over or extrapolated to a more realistic model. We are particularly interested in sites at the edge of continents where the response to the water load changes most rapidly. The FEN melting history will be used, so that we can see the effect for a realistic ESL history (i.e. a model with continuous addition of melt-water). To calculate relative sea-level change, the change in sea-level relative to the beginning of the melting is calculated as a function of time. Then the present sea-level is subtracted from past sea-levels to obtain the relative sea-level. Often it is confusing to interpret relative sea-level, because it describes the difference between the response of the earth at two different times in the load history. If we calculate sea-level with respect to the level at the beginning of the melting history for some subsequent time in the load history, then the sea-level is only a function of what has happened before that time. So sea-level change relative to the beginning of loading is causal, whereas relative sea-level is not. Two different bathymetry models are used to demonstrate how movement of the coastline affects the predicted sea-level change. Model A has a jump in initial bathymetry at 165", so that the coastline is fixed there. Model B has jumps at 160" and 165". A jump of 6 m at 160" is chosen so that the coastline moves from 160" to 165" between 12 and 10 ka BP for the FEN melting model. The bathymetry models are given in Fig. 5 . Results of the water-load calculations for bathymetry models A and B are shown in Fig. 6 . The sea-level is plotted relative to the beginning of the melting history for the reasons stated above. The response for the fixed coastline model (A) is similar to that for the instantaneous melting model (Fig..4b) , except with more gradual change. For the bathymetry model B, the response from 18 to 12ka BP is the same as a model with coastline fixed at 160", since the coastline has not moved yet. Then, once the coastline has for sites which always remained in the ocean (i.e. colatitude < 160"). The water-load component of relative sea-level has been plotted for the two models in Fig. 7 at a number of sites across the coastline. In model A , sea-level falls on the continent, and on the ocean it rises slightly until about lOka B P and then falls due to 'equatorial ocean syphoning' (Mitrovica & Peltier 1991) . Just offshore, the small bulge collapses, similar to the bulge around the ice sheet, and so there is a small increase in sea-level. At the coastline, sea-level falls by about 1.2 m. In model B, the sea-level falls by a greater amount at the present coastline, and the transition from oceanic to continental-type sea-level curves occurs over a much greater distance.
Next, we want to calculate the response to a model with continuous bathymetry. Model C (see Fig. 5 ) initially has a linear slope in bathymetry between 160" and 165". Model A * was designed so that the single step in bathymetry coincides with the present shoreline of model C. This is analogous to the way sea-level is normally calculated. Usually the present coastline is used to describe the ocean geometry for all time. In model C, the shoreline ends up at 163.9" after reaching 164.4' at 8 ka BP. The response is shown in Fig. 8(a) . The result is similar to that for model B except that the slope of the curve from left to right is smoother. The water-load component of the relative sea-level curves for a number of colatitudes are plotted for models A * and C in Fig. 8(b) . By assuming a static coastline instead of a moving one. the high stand at the end of glaciation at 8 ka BP is under-estimated by 0.14 m at the coastline and by 0.18 m at a site 150 km offshore. Since the FEN model constitutes only one-tenth of the total meltwater, an error of close to 2 m is possible when all ice sheets are included. Of course, there are few places on the Earth where the coastline may have moved by 500km. Most sea-level indicators form within a range of heights relative to mean sea-level, so that the best inferences of relative sea-level in Late Holocene time would have a standard error of about 0.2-0.3m (Chappell 1983) . So, we conclude that the error caused by the static coastline assumption may be significant in comparison with observational error in regions, where the coastline has moved substantially.
If we compare the results of the calculations for the spatial variability of ocean load (Fig. 4b) and the time dependence of the coastline (Fig. 8) in the far field, the two effects are of comparable magnitude. Thus, in general we will need to include both terms in order to calculate the sea-level change accurately. Near the ice sheet, the two effects may reinforce or cancel each other. If the coastline moves so that the region where excess water load should occur (see Fig. 3) is above sea-level, then the excess water load would not occur and so the effect of the spatial variability of the water load would be drastically reduced. On the other hand, if there is ocean inside the region of sea-level fall, then the coastline moves seaward as time progresses, and so a greater region is unloaded compared with a model which uses the present coastline, enhancing the effect of the spatially variable load. On the real earth the first case corresponds to the British Ice Sheet with the shallow North and Irish Seas, which were probably above sea-level at the last glacial maximum. The second case corresponds to the Fennoscandian ice sheet, where points now inland from the coast of the Gulf of Bothnia have previously been at sea-level (and under 3 km of ice). It is important to approximate the water load as well as possible, and not just to apply one or other of these corrections. Using these basic guidelines, it should be clear when either one of these corrections is likely to be significant.
CALCULATIONS F O R REALISTIC ICE A N D O C E A N MODELS
Spatially varying water loads
The calculations in Section 4.1 lead us to believe that iteration of the sea-level eq. (16, 17) is necessary to obtain accurate predictions of sea-level change close to the ice sheet. We may d o the calculation by computing the double integrals in eq. (23). We calculate these integrals for the present ocean function to degree 72, which took about 650 CPU hr on an Apollo DNlOOOO workstation. The results require around 56 Mbytes of memory to store as single precision real numbers. Then the sea-level change can be calculated for any given earth or ice model. The ice-load term and first iteration of the water load can be calculated to a higher degree, and then we add the difference between the second and first iteration water-load terms calculated to degree 72. The error committed by assuming a spatially uniform load is that difference. It converges quite well by degree 72 and there is little reward in attempting to push the calculation to a higher degree. At this stage each further degree requires another 30 CPU hr of computation to calculate the integrals. More than twice as much storage is required to reach degree 90. Now, we examine the error in sea-level change for the ARC3 model (Nakada & Lambeck 1987) , using the same earth model as before (see Fig. 9 ). The ice model includes ice over North America, Fennoscandia, the Barents and Kara Seas and the British Isles. We will focus on the sea-level change in Fennoscandia. The largest error should be found in the Gulf of Bothnia where the uplift is greatest and so, large falls in sea-level have been poorly approximated by the uniform water load assumption. This is also the case in the Barents and Kara Seas. The ice load term is also plotted to show the relative magnitude of the errors. The error can be as large as 20 per cent of the total sea-level change. Different conclusions can be drawn from these results, depending on whether the earth or ice model is assumed to be known. Suppose that using the uniform load assumption, an earth and ice model was obtained which fits the data. Now, we want to model the water load correctly. What changes to the earth or ice model must be
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Ice load component made t~ fit the data again? To answer this question, we take two extreme cases. If we assume that the earth's viscosity profile and lithospheric thickness is known, then the melting of the ice sheet must occur earlier, and the volume of ice must be reduced to fit the data. This makes the new ice plus water load match the old ice-load term alone. However, since the sea-level is still falling 8OOO yr after the end of melting, and so unloading is still occurring, it is not possible to match the more recent part of the load history. Going to the other extreme, we may assume that the ice melting history is known. Then we need an earth model, which gives a reduced amount of uplift at the centre, and also relaxes more quickly than the previously inferred model, since the total load is larger and is removed later than the ice load alone. In that case, we need a thicker lithosphere to reduce the uplift and a lower viscosity for the upper mantle to increase the rate of relaxation. A low viscosity asthenosphere may have the same effect, since channel flow tends to reduce the uplift and spreads out the response. There is some flexibility in the timing and volume of the ice sheet, so there will probably be some trade-off between ice-model and earth-model adjustments.
The results of for earth structure beneath Fennoscandia may need modification in the light of this. But more detailed analysis of the region is required using much more data and better ice-sheet models, so there seems to be little point in inferring a viscosity profile from the data and ice models used by them. The global model of Tushingham & Peltier (1991) does include the spatially varying water load and so ought to give better results providing the fit for the Fennoscandian region is good and that the effect of moving coastlines does not destroy the fit to the data. Recently, the present rate of sea-level change in Fennoscandia has been used to constrain earth parameters (Fjeldskaar & Cathles 1992) , using a uniform water load. We can see from Fig. 9(f) , that assuming a uniform water load will lead to an error in the present rate of sea-level change of approximately 2 mm yr-' at the centre of uplift and up to 3.5mmyr-' where the error is greatest. This represents a considerable proportion of the maximum observed present rate of uplift of lommyr-' and inclusion of a spatially varying water load may modify the present pattern of uplift appreciably. It makes sense that hydro-isostasy plays an important role in the sea-level change after the end of deglaciation, since the change in water load continues to occur long after the ice has finished melting.
In the accompanying paper (Lambeck 1993a), we will see that the inclusion of the more accurate water load need not always affect the inferences of earth parameters. In the British Isles, the water load is poorly approximated at the edge of the ice sheet and not at the centre and a simple scaling of the thickness of the ice model appears to be sufficient to fit the observational data.
Time-dependent coastlines
The time dependence of shorelines is usually the first casualty in the numerical modeller's effort to make the sea-level calculations more tractable. Only recently ) has there been any attempt to calculate quantitatively the error in assuming static coastlines and to incorporate the results into a geophysical model of sea-level change. Ideally, one should recalculate the shoreline at every time step in the model to determine the melt-water load. In fact, an iterative scheme is required to determine past shorelines, because at first we do not know by how much the earth's surface and geoid have been deformed. The simplest approximation is to assume the coastlines have not moved at all. The next level of sophistication is to assume that the past shoreline is the depth contour corresponding to the ESL of that time. (i.e. use the zero-order sea-level change to determine the first-order coastline.) Lambeck et al. (1990) used this method in a coarse fashion, using the 100m depth contour for the early stage of deglaciation, switching to the 50m contour later and finally moving to the present coastline. Wherever the sea-level is approximately equal to the ESL as in the Australian case ), this method should perform fairly well. Close to the ice sheets, where sea-level is quite different from the ESL, this simple method is bound to be in error, so it may be necessary to refine the method further and to use the predicted sea-level changes to determine the ocean geometry. Such a method will be dependent on both earth and ice models and so is likely to be extremely time consuming, if one wants to do the calculation precisely for a range of earth and ice models. If there is sufficient data, observed past shorelines may be used to constrain the time dependence of ocean geometry.
A similar calculation to the one shown in Fig. 6 on a realistic earth model, using the method of Lambeck et al. (1990) , can be made across a coastline in the far field. We can see the results in Fig. 10 . The curve goes in the opposite direction from the Fig. 6 , since the land is on the left-hand side this time. The size of the deformation across the shoreline in Fig. lO(a) is about 10 times the value in Fig. 6 since the volume of melt-water is about 10 times the size of the Fennoscandian ice sheet. The difference between the water-load component for the three step model and the fixed coastline model is maximum near the present coastline. The second maximum near 140" E corresponds to the present coastline of the Gulf of Carpentaria. This same behaviour can be seen in the 1-D model in Fig. 8(b) . The difference in the high stand prediction at 6 ka BP at the present coastline is about 0.4 m which is sufficiently large to cause a discrepancy between the observations and predictions, if a simple fixed coastline model were used. To calculate the water-load component for the three-step model, the melting history was simplified to just two linear melting phases from 18 ka BP to 14 ka BP and 14 ka BP to 6 ka BP, with the same total volume of melt-water as the combined ARC3 and ANT3 models of . Before 13 ka BP, the ESL is more than 100 m below the present level and the 100m depth contour was used for the shoreline. Between 13 ka BP and 10 ka BP, the ESL is between 50 and 100 m below the present level and the 50 m depth contour approximates the coastline. After 10 ka BP, the ESL is less than 50m below the present level, so the present coastline is used. In general, where the ESL is a reasonable approximation to the sea-level, this method would tend to underestimate the effect of the motion of the coastline slightly, since the coastline in the model moves to its present position before the actual coastline would have. The importance of this assumption can easily be tested by allowing more steps in the ocean function. In the example in Fig. 10 , the continental shelf is quite shallow and the fall in the abyssal plain rather steep. So the 50m and 100m contours both cross the profile at 146'55'E within the resolution of the data (the CIA 5' world topography data file). The coastline is assumed to be at 146'55'E until 10 OOO years ago and then it moved to its present position at 146"lO' E.
Time-dependent coastlines and spatially varying water loads
In Section 3, a method was outlined whereby it is possible to incorporate both the time dependence of shorelines and the spatial variability of the ocean load. Both factors are important in a region that is close to a former ice sheet and has shallow seas. The North Sea clearly satisfies both criteria, so care must be taken to model the water in this region. The ice and rheological models are quite well constrained by the observations and detailed modelling of the sea-level change in the region (Lambeck 1991) , but in that paper spatially uniform water loads were used, so some of the conclusions concerning the earth rheology and ice melting history may be modified as a result of more thorough treatment of the water-load term.
We have already seen that whenever the sea-level change is different from the ESL, it is necessary to model the water load more carefully. In the North Sea, if we use either one of the correction terms described above, we still obtain a fairly poor estimate of the water load. The simple time-dependent coastline calculation neglects the unloading of the sea to the north and west of Scotland, and the second iteration of the water load adds extra water into the North Sea, when it was actually above sea-level. Instead, we calculate the first iteration of the sea-level change to approximate the time dependence of the shoreline, and in the second iteration, we include both the spatial variation of the load and the movement of the coastlines. The integral on the last line of eq. (23) must be evaluated at a number of different times throughout the melting history, but need not be calculated for every time step of the ice melting model, since the amplitude of the water load is much smaller than the ice load and so greater relative errors can be tolerated. We have already calculated the integral for the present ocean function, and since the ocean-load component is dependent mainly on the nearby load, we can assume that the more distant coastlines remain stationary, and only compute the difference between past and present ocean function integrals within some reasonable distance of the sites where we calculate sea-level. i.e. we make the following approximation: By reducing the area over which to integrate, a lot of computing time is saved without compromising the precision of the calculation significantly. The past ocean is the region where the past relative sea-level is greater than the present topography. In this definition, we have implicitly assumed that there has been no change in topography due to erosion, deposition of sediments or vertical tectonic movements. The value of the integral on the last line of eq. (27) depends on the rheological model because the computed past ocean function depends on the sea-level change predictions. Usually, the past ocean geometry is quite weakly related to the rheological model since the variation in present topography is generally much larger than the difference in sea-level predictions using different rheological models. The water load can be calculated from eq. (23). Instead of choosing a time t: for every time step, the same ocean function may be used for consecutive periods. Using the ESL curve for the ice models ARC3+ANT3 (Nakada & Lambeck 1987) with an extended melting history (see Fig. l l ) , the times t* can be chosen so that a reasonable approximation of the load history may be made. At the times 13.5 and 10.5 ka BP, the ESL was approximately 100 and 50 m below the present. So the ocean functions of those two times were used whenever the ESL was lower than -75m and between -75m and -25 m respectively. When the ESL rose higher than -25 m, the present ocean function was employed. Therefore, the ocean functions at 10.5, 13.5, 10.5 and 0 ka BP were chosen to represent the ocean function for the periods before 25 ka BP, 25 to 12 ka BP, 12 to 8.5 ka BP and after 8.5 ka BP. A comparison was made with a model which contained five steps in the ocean function instead of three but only to spherical harmonic degree 45. The maximum difference in sea-level predictions between the two methods throughout the North Sea region was 2cm at 10 ka BP. Also changing the times at which the steps were made by lo00 yr made very little difference to the sea-level predictions.
The ESL history of the two ice models ARC3 and ANT3 was extended to times earlier than 18000yr ago so that the ESL history matched that of Chappell & Shackleton (1986) for the last 60 OOO yr, obtained by oxygen isotope records.
Most of the variation in ESL is due to variation in volume of the Northern Hemisphere ice sheets. We invoke changes in the Antarctic ice volume only when large changes in ESL occur (i.e. between 30 and 6 k a BP). The earlier ESL history back to 47 ka BP of the British ice sheet model BR-3 is inferred by correlation with palaeotemperatures in the North Sea (Lambeck 1993b) . The maximum extent of the ice model BR-3 at 22ka BP is shown in Fig. 12(b) . It finishes melting at 12.5 ka BP, with a minor advance and retreat between 12 and 9.5 ka BP and the ARC3 and ANT3 models finish melting at 6 k a BP. We use an earth rheological model which has a 65 km thick elastic lithosphere with a Maxwell visco-elastic mantle with the elastic parameters of PREM (Dziewonski & Anderson 1981) and a viscosity of 4.0 x lo2" P a s above 670 km depth and 1.3 x loz2 Pas in the lower mantle. The first iteration of the sea-level change was calculated on a 0.25" x 0.5" grid (or approximately 25 km), and the ocean function evaluated at the times 13.5 and 10.5 ka BP to determine the ocean load. The double integral on the last line of eq. (27) was calculated for all pairs of spherical harmonics up to n = 80 over the latitude and longitude ranges 63" N to 48" N, 15" W to 1O"E for the ocean functions at t = 13.5 ka BP and t = 10.5 ka BP. This took about 95 hr CPU for each ocean function compared with approximately 900 CPU hr for the calculation over the entire globe on a 10' grid. Each file of degree 80 requires 84 Mbytes of memory to store as single-precision real numbers, hence the need to limit the number of steps in our ocean function model.
In Fig. 12(a) , the past shorelines based on the first iteration are plotted for the times 13.5, 12, 10.5, 8.5 and 0 ka BP. From the sea-level change and the past shorelines the actual water load can be calculated. The change in water load since 18ka BP at 12 and Oka BP has been plotted in Figs 13(a) and (c), because 18 ka BP was the time of maximum global glaciation and ESL was lowest (see Fig.  11 ). In our model, the shoreline calculated at 13.5 ka BP from the first iteration was used until 12 ka BP, and hence the change in water load in Fig. 13(a) is restricted to the oceans at that time. The glacial rebound of Scotland causes a negative water load near Edinburgh on the east coast and down the west coast and in the Irish Sea, but unloading does not occur further south or in most of the North Sea since the region was above sea-level at the time. In Fig.  13(c) , the water load is discontinuous at the 10.5 and 13.5 ka BP shorelines, since these are the steps we used in the calculation of the water load. On one side of the shoreline, the water load is the sea-level change since 18 ka BP and on the other, it is the sea-level change since 12 ka BP.
In Figs 13(b) and (d) , we show the water-load component of the sea-level change since 18 ka BP at 12 and 0 ka BP from the BR-3 model in response t o the change in water load shown in Figs 13(a) and (c) . The contours follow the coastline approximately, as we would expect, since the coast is the boundary between the oceans, which experience a change in load and the continents, which have no water load. Departures from this pattern are caused mainly by the spatial variability of the water load. At the earlier time, the contours to the west of Scotland do not follow the coastline very strongly, since the rebound due to the decay of the British ice sheet is strongest until about 12 ka BP. The melting of far-field ice sheets becomes more important later on, and so the pattern of the water-load component of sea-level change in Fig. 13(d) follows the coastline more closely.
If we compare, the predictions of sea-level change from these calculations with those assuming spatially uniform water loads, we see that the largest errors occur in the regions where the uniform load is a poor approximation for the water load. In Fig. 14, we have plotted the difference between the water load component of sea-level based on the second and first iterations of the sea-level equation. The error made by assuming a spatially uniform load is maximum in the North Sea at around 10ka BP, with a difference of almost 20 m. More significantly, the error along the Dutch and Belgian coasts is around 12m at that time. Including the simple three-step ocean function correction ) can reduce the error by about 25 per cent. Inferences of earth parameters using sites along this coast may be in error, since a model that fits the data using a simple water load would require a different response function from the Earth's true response function, which may be obtained by inverting the observed sea-level change from the actual load. By using a better approximation of the load, we should obtain a better approximation of the Earth's physical parameters. This is likely to affect earth parameter inferences which rely on near-field locations outside the former ice-sheet margin. It is difficult to say with certainty what the affect on earth parameter and ice model inferences will be, since it depends on the distribution of sea-level data used among other things.
We have shown that we need to approximate the water load better in order to obtain more accurate predictions of sea-level change, yet we have still made some simplifying assumptions to save on computing time. The method we have used is capable of producing results within any required accuracy, given enough computing time and patience. There are three approximations which we have made in computing the water-load component of sea-level change. We have limited the number of steps in the ocean function and the region over which it may change, we have iterated the sea-level change only twice and truncated the spherical harmonic expansion of the water load.
As mentioned above, using only three steps in the ocean function causes no significant error in sea-level predictions. Truncation of the area over which the ocean function may water-load component of relative sea-level change Swz -Swl at (a) 6 ka nterval for each figure is 2 m. change has two effects. First, it forces the area of the ocean to remain constant apart from the changes with in the designated region. This should reduce the equivalent sea-level slightly from its true value, since the area of the oceans now is greater than what it was at the last glacial maximum so the same volume of water would have produced a slightly greater equivalent sea-level change. Using the 5' world topography data file, the fraction of the Earth's surface which is more than 0, 50 and 100m below sea-level is 0.71, 0.68 and 0.67 respectively. (The area of the oceans is only 0.70 of the area of the earth, since some land is below sea-level.) By using a fixed coastline for most of the earth, the integrated error in the ESL curve would be about 2 per cent of 50 m at 10 ka BP or 1 m. This error is uniform over the Earth's surface. Truncation of the area over which the ocean function is allowed to change may cause errors because the more distant load is not calculated correctly. This is bound to be insignificant except near the edge of the chosen region. Along the French Atlantic coast, the 100 m depth contour is within 100 km of the coast over a distance of about 500km. A 100m thick load of this size would produce only a few centimetres of sea-level change in Britain. Other nearby regions which may contribute to an error in the water-load component of sea-level change predictions are in regions of postglacial rebound (i.e. Iceland, Norway, Sweden).
Iterating the sea-level equation a third time contributes a further 20 cm of sea-level change at 6 ka BP and up to 40 cm at 10 ka BP in Britain and along the Dutch and Belgian coasts, mostly due to the Fennoscandian ice sheet. So for this region a third iteration isn't necessary, but in the Baltic Sea and the Gulf of Bothnia, the third iteration contributes as much as 2 m of sea-level change at 10 ka BP, and even more in the Barents Sea. To calculate the third iteration of the water load component, the second iteration of sea-level Ehange is substituted into eq. (23), which does not require much more computing time than for the second iteration.
Truncation of the spherical harmonic series causes the largest error of the three approximations described. The error from the other two approximations has a spatial dependence related to the size of the water load, but the truncation error is less coherent spatially. We can obtain an estimate of the error by comparing the difference between the expansion to two different degrees. Since the first iteration of the water-load component can be calculated to a much higher degree (e.g. 180) than the second (80), we add the difference between the two to the same degree as a correction to the first iteration of sea-level change. i.e.
The correction term (the second summation) can be plotted as a function of truncation degree N2 for a particular location. The values appear to converge by about degree 50 for a number of different sites tested, and then oscillate about what appears to be the solution. The magnitude of the oscillation is partly dependent on the size of the correction term, and decreases as the degree increases. For a site in southern Scotland the solution seems to be accurate to within 1 m at 10 ka BP, but for a site near the maximum of the water-load correction west of Denmark, the accuracy is about 3 m at that time.
CONCLUSIONS
The main result of this paper is that in regions where the predicted sea-level change differs from the ESL (in particular, in the near field), it is necessary to model the water load more carefully than has been usual in the past. We have developed a spectral method of modelling the water load which is quite intensive computationally, yet able to demonstrate this result in a reasonable time, once a large amount of preliminary calculations have been made. The convergence of the spectral method used is barely satisfactory in the near-field region and is likely to be less satisfactory in the far field, where greater accuracy is required, due to the importance of shorter wavelength loads. It is recommended that a method be used which is able to model short-wavelength loads for far-field locations. Any spectral method will require enormous computing effort to do this, but the effort may be reduced by superimposing a solution which is more accurate within a region onto a less accurate global solution. The pseudospectral technique of Mitrovic & Peltier (1991) would be the best method available at present. The author's choice of the pure spectral method employed was influenced mainly by the simplicity of implementation, and he was not aware of the pseudo-spectral technique when he began this study.
The conclusions of this paper are largely independent of the Maxwell rheology used and accurate modelling of the water load should be important for any earth model with linear rheology which fits the observational data. We are capable of making sea-level predictions to an accuracy of better than half a metre for most of the British Isles. The predictions are free from any systematic error due to neglect of ice or water loads as may have been the case for some previous models. The largest errors in sea-level predictions for models with a spatially uniform water load for the region should occur along the southern margin of the North Sea.
It is apparent that many previous inferences of earth parameters based on uplift in Fennoscandia have either ignored the water load or simplified it and so it will be necessary to repeat the calculations using a gravitationally self-consistent model as has already been done for the global model of Tushingham & Peltier (1991) , for example. It is not within the scope of this article to attempt to infer earth rheology based on these previous data sets, since a careful analysis of the data and ice models is just as important as accurate sea-level calculations to obtain meaningful estimates of viscosity, lithospheric thickness and ice sheet decay.
